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Abstract
Acoustic reflectometry, a non invasive technique, consists of solving, the inverse problem of
estimating the cross sectional area as function of the distance of a cylindrical cavity by impacting
an audible acoustic pulse of high amplitude and short duration, and analyzing the reflected wave.
The technique has been applied in Biomedical Engineering to estimate both the area of a human
upper airway and the patency of endotracheal tubes as a function of distance. Several ways have
been tested to improve the quality of an acoustic pulse and different algorithms have been tested
to reduce the losses. However, an acoustic pulse is difficult to generate with a broad frequency
bandwidth and the reconstruction algorithms require robust mathematical procedure to
compensate the losses within the system. The solution of the inverse problem in this dissertation
consists of sweeping the frequency bandwidth by using Gaussian-modulated sinusoidal packets.
A long source tube is used not only to propagate and identify the acoustic waves generated, but
also it is used to compute the frequency impulse response by using a least mean square
algorithm. The Ware-Aki algorithm is recalled to compute the reflection coefficients, which are
directly related with the bore profile. A computational model was developed to evaluate the
quadratic error of several acoustic parameters used on acoustic reflectometry. The results
obtained by the simulation model show that axial resolution depends on the frequency step size
used to sweep a broad frequency bandwidth. The present study utilized an in vitro model that
replaced a human upper airway to validate this method. It is based on a calibration of the
reflectometer to compensate for the losses along the source tube. This work made of acoustic
reflectometry a versatile technique, because the frequency response is obtained by using only one
loudspeaker, and the signal-to-noise ratio is increased at high frequencies by using match filter.
Therefore, the use of Gaussian-modulated sinusoidal waves and the Ware-Aki algorithm can be
used to estimate a cylindrical cavity with an appropriate axial resolution.
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Chapter 1

Introduction
Biomedical engineering has improved the quality of life of the human being by far. It has
contributed with many sorts of instruments and equipment in hospitals to make precise diagnoses
and determine the best way that a physician must follow in a specific case of disease. In
biomedical engineering, one of the most versatile ways to make a diagnosis consists of using
non-invasive techniques which have become powerful biomedical tools to evaluate biophysical
parameters.
This dissertation is focused on acoustic reflectometry technique, a non-invasive way to
physically evaluate the cross sectional area of a cylindrical cavity as function of distance, a 3-D
measurement. Thereby, it is not necessary to open the cavity or introduce an optical transducer to
evaluate the bore profile. The basic idea of acoustic reflectometry consists of processing and
analyzing the response generated by an incident acoustic wave when it strikes a cylindrical
cavity.
One of the most interesting fields of application of acoustic reflectometry lies on biomedical
engineering where the technique has been used to estimate the bore profile of a human upper
airway. In consequence, it is not necessary to expose a patient to dangerous doses of radiation
like X-ray or CT scan to estimate the bore profile of an upper airway through images, a 2-D
measurement. Even more, the right application of acoustic reflectometry replaces a study of
endoscopy which is used to evaluate, in an invasive way, the upper airway.
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1.1 History of acoustic reflectometry
In the history of acoustic reflectometry several reconstruction algorithms have been developed.
They are divided in two types. The algorithms which estimate the bore profile from the input
impulse response in time domain and the algorithms which compute the bore profile from the
input impedance in the frequency domain. Acoustic reflectometry was initially developed to use
with an acoustic pulse. However, the technique is been applied to improve the axial resolution of
a cylindrical cavity by using other types of waveforms.
The application of acoustic reflectometry started in 1967. Schoeder [1] used this technique to
obtain a rough estimate of the bore profile of a human vocal tract. In order to estimate the
acoustic impedance, an electromechanical system was joined to a diaphragm to generate periodic
incident acoustic waves, which propagated through a 4 m source tube. At the distal end, with a
quite pronunciation from a patient of certain vocals, it was possible to make the physical
interaction between the sound generated by a patient and the acoustic waves propagated. The
vocal tract was estimated by using a complex algorithm based on the Fourier series. The axial
resolution of the vocal tract as function of the distance depends on the number of
eigenfrequencies calculated. The inconvenience of using this method lies in the fact that it
requires knowing of the length of the vocal tract.
In 1969, Ware and Aki [2] solved the inverse problem in seismology by determining the
reflection coefficients from a reflected acoustic wave generated by the propagation of an acoustic
pulse (i.e. explosion of TNT) through the layers of the earth. It must be emphasized that both
acoustic waves must be identified from each other. This research was initially developed to
compute and compare the reflection coefficients generated when the incident acoustic wave was
propagating through different densities of layers of the earth. Under certain experimental
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conditions, it was possible to identify oil and water under the surface of the earth. However,
averages of hundreds impulse responses were needed to improve the signal-to-noise ratio.
In Biomedical Engineering, this algorithm has been applied to compute the reflection
coefficients from a unidirectional cylindrical cavity and estimate the cross sectional area as a
function of distance. The inconvenience of using the Ware-Aki algorithm lies in the fact that it
does not consider losses within the cylindrical cavity.
Sondhi and Gopinath [3], in 1971, described a way of using a loudspeaker joined with a long
source tube which was used to drive an acoustic pulse into the vocal tract. The main idea of
using a straight forward long 6 m source tube made possible a physical separation of the incident
acoustic wave before the reflected acoustic wave was generated. Then, the Ware-Aki algorithm
was implemented to estimate the cross sectional area of the vocal tract. In a later research with
Resnick [4], they tried to compensate the acoustical losses for improving the axial resolution of a
cylindrical cavity. However, the results were not sufficiently accurate because of all the
approximations made.
In 1977, Jackson et al. [5, 6] estimated the area profiles of the throat of canine animals using the
Ware-Aki algorithm. The acoustic pulse was generated by an electric spark. It allowed
improving the content of acoustic energy; however, it was necessary to calculate an average of
1000 or more trials to improve the signal-to noise ratio.
The first reconstruction of a human upper airway by using the Ware-Aki algorithm is reported by
Fredberg et al. [7] in 1980. Two more papers [8, 9] were published about this research during the
1980’s. Basically, a loudspeaker was used to generate the incident acoustic wave which
propagated in an environment composed of 80% He and 20% O2. The goal of using this
environment lied in the fact that it increased twice the speed of sound and reduced the acoustical
losses. Hence, the patient was asked for breathing during two minutes before impacting the
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incident acoustic wave. A comparison of results between an environment of propagation
composed by O2 and He-O2 showed not a significant difference in the axial resolution as a
function of the distance.
In 1981, Benade and Smith [10] used acoustic reflectometry to characterize musical wind
instruments by comparing the acoustic impedance with respect to an acoustic pattern. A spark
source was used to generate an acoustic pulse. However, it was necessary to calculate an average
of the impulse responses for improving the signal-to-noise ratio. This research continued at the
end of the 1980’s by Watson and Bowsher [11, 12], who reported a DC offset component in the
calculated impulse response when a loudspeaker was used. The DC component causes that the
bore profile estimated to be characterized by either an expansion or contraction as a function of
the distance. In this research, the dc component was manually adjusted until the reconstructed
radius matched with a measured radius at an arbitrary position. This approach made a rigorous
method of compensating the impulse response.
In the 1990’s, Marshal, Mand, and Drummond [13, 14] designed and built a reflectometer which
was characterized by having a short driving source tube 40 cm length. In general, the
inconvenience of using a short reflectometer lies in the fact that complex algorithms in either
frequency or time domain are required to identify the acoustic impedance. Thereby, the
computational cost is high. The results reported were similar to those obtained by Fredberg et al.
[7] who used a long source tube of 6 m to identify the reflected acoustic wave from the incident
acoustic wave.
In 1993, Louis et al. [15, 16] reported a novel reflectometer with a length of the source tube of 30
cm. A second microphone was used to identify the incident acoustic wave from the reflected
acoustic wave. A high pass filter was required to eliminate breathing noises in the computed
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impulse response where the cutoff frequency was a function of the properties of internal wall in
the upper airway.
In 1995, Amir, Rosenhouse, and Shimony [17, 18] developed a novel mathematical procedure
referred as “layer peeling algorithm” to estimate the axial resolution of a cylindrical cavity. The
layer peeling algorithm considers acoustical losses within the system through a space-time
scattering equation. This algorithm estimates good results when the DC offset component in the
acoustic impulse response is removed or compensated. The layer peeling algorithm did not
require deconvolving the acoustic signals recorded to estimate the input impulse response of a
cylindrical cavity. Amir reported the reconstruction of bore profiles of brass instruments with
good results, however, the algorithm has not been since then implemented in biomedical
engineering to estimate the human upper airway bore profile.
In 1997, Sharp [19] reported a reflectometer characterized by having a coiled driving 6m source
tube. Hence, the space for a long straight forward source tube was not longer required. Sharp
proposed the insertion of a 50 cm long cylindrical tube between the reflectometer and the
cylindrical cavity of study. In this way, the dc component of the input impulse response was
calculated and compensated. In this research, a comparison of results between the Ware-Aki
algorithm and layer peeling algorithm was reported. A horn driver was used to generate the
acoustic pulse. Sharp obtained good results using a stepped solid cylindrical cavity which was
composed of three short cylindrical segments with different cross sectional area joined each
other. Better results were obtained using the layer peeling algorithm than with the Ware-Aki
algorithm. This was due to compensation of simple acoustical losses through the scattering
equation in the layer peeling algorithm.
In 1998, Mansfield et al. [20] applied the acoustic reflectometry technique to qualitatively asses
the position and patency of endotracheal tubes using rabbits. He designed a novel system which
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connected either a reflectometer or a mechanical ventilator to an infant endotracheal tube. The
system was controlled by a solenoid, such that a mechanical ventilator was connected to the
infant endotracheal tube in a normal position. When the solenoid was activated by an electrical
signal, the endotracheal tube was connected for few milliseconds to the reflectometer in order to
generate an acoustic pulse, and to record the reflected signal. Visualizing the reflected acoustic
wave in a time-pressure chart, it was possible to predict the patency along the cavity. In other
words, it was possible to identify either a reduction or an expansion along the cylindrical cavity
by inspection of the reflected acoustic wave. Because some patients in the Intensive Unit Care
require ventilator assistance, nowadays, it is a very interesting application of acoustic
reflectometry to find the position of any variation in diameter along endotracheal tubes due to
secretions. When it occurs, a technician drains the tube to avoid a problem of asphyxia.
In 2000, Huang et al. [21] reported a modified version of Ware-Aki algorithm which was used to
estimate cylindrical cavities with simple and short branches. The modified Ware-Aki algorithm
was used to estimate the bore profile of a human nasal cavity. This application was used to assess
the size and function of the pharynx during sleep. It was the first time that acoustic reflectometry
was used to measure the nasopharynx in human patients.
In 2003, Forbes et al. [22, 23] proposed a singular system method, a powerful mathematical
method, to deconvolve the input impulse response from both acoustic waves recorded by a
reflectometer. Because singular values were gradually attenuated, Forbes et al. used an
alternative procedure that combined both truncation and attenuation to estimate the impulse
response. However, in this research a compensation factor was required to estimate good results.
Forbes et al. used a stepped cylindrical cavity and recalled the layer peeling algorithm. They
reported good results, which depended on the right number of eigenvalues selected. In this
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research the signal-to-noise ratio is increased in all out spectral components by averaging the
input pulse and the reflection measurements, generally require 1000 repetitions.
In the same year, Kausel [24] reported a suitable waveguide model which could be applied to
estimate the bore profile of solid cylindrical cavities. The algorithm was based on the sensitivity
of the input impedance magnitude, which was related to bore variation. The advantage of using
this model lied in the fact that it was not necessary to measure the phase. However, it was very
demanding to obtain high measurement accuracy. On the other hand, the model was suitable for
as long as the bore dimensions were smaller than the wave lengths and the discontinuities were
not too significant. Kausel reported good results for estimating the bore profile of a stepped
cylindrical cavity.
In 2004, Babb et al. [25] reported a study to assess otitis media with effusion. In this research the
estimation of a bore profile as function of the distance was not the parameter to be measured, but
the difference of phase between the incident and the reflected acoustic waves. In order to
quantify the phase shift, a reflectometer was used to impact a chirp signal in an ear channel. The
chirp signal was used to sweep from 1.8 to 4.4 kHz. The reflection generated due to both the
tympanic membrane and fluid filled ears produced an out of phase wave which was related to
otitis media with effusion. They reported that it was possible to evaluate several levels of otitis
media with effusion.
In 2005, Aijun et al. [26, 27] proposed to increase the axial resolution of the bore profile of a
cylindrical cavity by combining the impulse responses obtained from acoustic pulses and bursts
of sinusoidal acoustic wave packets. The former and later waves were used to sweep relatively
low frequencies and relatively high frequencies, respectively. The layer peeling algorithm was
recalled to estimate the bore profile of a steeped cylindrical cavity, and a compensation factor
was required in the procedure to avoid the singular solution due to the low signal to noise ratio.
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In 2006, Gligor et al. [28] conducted a pilot study for obtaining the acoustic reflectometry
images associated with endotracheal tube in children using the Ware-Aki algorithm. In this
research a novel reflectometer with a very short source tube of a few centimeters and two
microphones was used to make of acoustic reflectometry a practical technique to evaluate the
patency of endotraqueal tubes. The acoustic wave propagated through a flexible tube which was
introduced into the endotracheal tube. The reflectometer was able to measure areas up to a
maximal axial distance of 35 cm from the distal end of the wave tube. Instead of using an
acoustic impulse, a truncated sinc (x) function was used to produce a band-limited impulse of 2
ms duration. A low-pass filter was used with a cutoff frequency of 3500 Hz to correct for minor
oscillations and minimize profile instability. In this research the acoustical losses were low due
to the fact that the acoustic reflectometer was introduced along the endotracheal tube. In a later
research 2007, David [29] conducted a real-time study with a third-generation reflectometer to
evaluate the placement of an endotracheal tube: tracheal, bronchial, or esophageal.
Kinar and Pomeroy [30], in 2009, used acoustic reflectometry to determine the location of the
snow water equivalent. A maximum length sequence was used to model the sound pressure wave
as it passed through the snowpack. Embedded systems were designed to implement the signal
processing and calculations so that snow water equivalent could be quickly determined at a field
location.
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1.2 Problem statement
Acoustic reflectometry is generally classified as being an inexpensive technique and easy to be
applied with the correct instrumentation.
Despite of acoustic reflectometry being used in biomedical engineering, it is necessary to update
the method and make of this technique a more versatile way to evaluate the bore profile of a
cylindrical cavity because:

1) The correct application of acoustic pulse reflectometry using the Ware-Aki algorithm
requires calculating and eliminating the DC offset component generated when an acoustic
pulse is propagated in the source tube. The most common way to compute the DC
component consists of adding a DC source tube in the acoustic reflectometer. In other
cases, the DC offset component has been calculated by trial and error, but this required
the knowledge of the bore profile of the cavity of study.

2) The layer peeling algorithm, used to compensate the acoustical losses, has only been
implemented to estimate the bore profile of solid cylindrical cavities. Its right application
requires a compensation factor in the estimation of the impulse response to avoid the high
level of noise at high frequencies. It also requires the DC offset cancellation.

3) The size of instrumentation used has been reduced at present time, but the computational
cost is increased due to the use of robust algorithms to identify both acoustic waves.
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4) The frequency response obtained in acoustic pulse reflectometry requires an average of
thousands of signals to improve the signal-to-noise ratio. So, it makes of acoustic
reflectometry a rigorous technique to be applied.

5) The main problem in acoustic pulse reflectometry lies in the fact that it is limited in
frequency, because it is not accurate enough in representing a true impulse. In spite of the
acoustic pulse has been generated by using several loudspeakers and electric discharges.

1.3 Proposed solution
Initially, it is emphasized that the use of Gaussian-modulated acoustic packets has been
implemented in the layer peeling algorithm by Aijun et al. [26]. In such application, the
frequency impulse response was obtained by combining an acoustic pulse and Gaussian
modulated acoustic packets. It allowed for the increasing of the frequency response of a stepped
cylindrical cavity.
The solution of the inverse problem in this dissertation consists of:

i) Recalling the Ware-Aki algorithm to apply Gaussian modulated sinusoidal packets in the
Ware-Aki algorithm. It allows focusing over certain ranges of frequency and superposing
the impulse responses obtained along the frequency bandwidth. This approach is not
possible when acoustic pulses are used.
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ii) Developing a simulation model to evaluate the acoustic parameters in the solution of the
inverse problem through the quadratic error of the bore profile and determine the
minimum content of frequency required in an experimental measurement.

iii) Using a long source tube to physically identify the acoustic waves and reduce the
computational cost. It may also be used to record a stable sound signal such that the
amplitude, phase, and DC offset component is calculated by using a least mean square
analysis. So, the frequency response of a cylindrical cavity is obtained and the DC offset
component is eliminated.

iv) Evaluating the axial resolution of the bore profile as function of the frequency step size to
sweep the entire frequency bandwidth. Instead of using thousands of acoustic pulses and
Gaussian modulated packets, the solution of the inverse problem is evaluated by using
200 sound waves and only one loudspeaker.

v) Filtering undesired components of frequency and improving the signal-to noise ratio by
using matched filter. In this way, the entire audible range of frequency is swept.

vi) Compensating the losses in the frequency impulse response experimentally measured.
Thereby, a characterization of amplitude and phase as function of frequency is performed
by using propagation of acoustic waves. The acoustic pressures are recorded in three
different positions along the source tube to calculate their attenuation.
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In summary, acoustic waves modulated in amplitude are used to compute the impulse response
of a cylindrical cavity by sweeping several frequency intervals, which cover a total frequency
bandwidth from 50 Hz to 10 kHz. The total impulse response of a cylindrical cavity is obtained
by superposition and the bore profile of such cavity is calculated from the reflection coefficients
computed by the Ware-Aki algorithm. Relatively low frequencies are used to estimate the
general bore profile of a cylindrical cavity and relatively high frequencies are used to refine the
result.
This dissertation includes a simulation model and experimental measurements. Thereby, the
results obtained in the simulation model are validated using two solid cylindrical cavities; a
cylindrical cavity with a square bore profile and a vitro model which represent the bore profile of
a human upper airway. The results obtained are discussed to define a possible application in
patients.

1.4 Outline of dissertation
This research work is presented in six chapters:
Chapter 2 describes the acoustic coefficients required to define the cross sectional area as
function of reflection coefficients. It is known as the solution of the forward problem.
In Chapter 3, The Ware-Aki algorithm is described in terms of the Space-Time diagram. The link
between the reflection coefficients and the input pulse response (or vice versa) is discussed.
Chapter 4 describes the design and characterization of the acoustic reflectometer used in the
experimental measurements. The parameters used to generate the sound waves are discussed and
the entire solution of the inverse problem is described. It is also shown the way to compensate
the losses along the source tube.
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In Chapter 5, the simulation model is described to evaluate the independent parameters in the
solution of the inverse problem for six different cylindrical cavities. The results described are
used to test the fact of estimating a bore profile.
Chapter 6 shows the validation of solving the inverse problem by using Gaussian modulated
acoustic waves. A solid cylindrical cavity is coupled to the reflectometer to compare the results
in both the experimental situation and the simulation model.
Chapter 7 describes the simulation model of a model in vitro which represents the bore profile of
an upper airway.
The last chapter discussed the limits in the solution of the inverse problem and the future
enhancement.
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Chapter 2

Acoustic Coefficients and the Space-time Diagram

2.1 Introduction
The sound waves used in acoustic reflectometry must propagate along an axially unidirectional
cylindrical pipe which is referred as the source tube. The theory used in acoustic reflectometry
[31] assumes a plane wavefront. In consequence of the assumption, the wavelength must be
larger than the diameter of the source tube.
The frequency content of such waves must lie in the audible range (20 Hz-20 kHz). When the
acoustic waves lie in the ultrasound range (> 20 kHz), the sound wave does not propagate along
an axially unidirectional direction and starts to bounce in a zig-zag pattern [20]. So, a distortion
of the acoustic waves occurs during the propagation.
In order to understand the theory considered in acoustic reflectometry, this chapter starts with the
general solution of one-dimensional wave equation to define the acoustic coefficients which are
used to estimate the cross sectional area as function of the distance.
The Space-Time diagram [19] is discussed to compute the input pulse response from the acoustic
coefficients, which are directly related to the bore profile of a cylindrical cavity. This is known
as the forward problem.
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2.2 Acoustic propagation in a simple cylindrical cavity
The nature of an acoustic wave requires a medium of propagation to travel from one point to
another. To represent the propagation of an acoustic wave along the x-axis as a function of the
time t, it is necessary to recall the wave equation in terms of the acoustic pressure P, given by

∂2P
1 ∂2P
=
∂ x2 c2 ∂ t 2

(2.1)

This equation is named the linear equation because it assumes that the medium of propagation is
lossless, homogeneous and isotropic. Where c denotes the speed of sound given in m/s , which
in turn depends on the temperature ºC of the medium of propagation by

c = 331.6 1 +

τ
273

(2.2)

The general solution of (2.1) is given by

P ( x , t ) = P + ( x, t ) + P − ( x, t )

(2.3)

+
Where P ( x, t ) represents an acoustic wave propagating along the positive x-direction and

P − ( x, t ) denotes an acoustic wave propagating along the negative x-direction. Mathematically,
each acoustic wave is defined as
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P + ( x,t ) = P + e j (ω t - k x )

(2.4)

P − ( x,t ) = P − e j (ω t + k x )

(2.5)

and

Where

and

are the acoustic pressures at time t for a given position x, ω is the angular

frequency given by

ω = 2π f

(2.6)

The frequency f is given in Hz, and the wave number k in m-1, which in turn is given by

k=

ω
c

(2.7)

The wave number is a parameter that characterizes the phase progress of the sound wave.

2.3 Continuity equations between two cylindrical segments
In the rest of this document, the notation used to represent the dependence of time and distance
in the propagation of an acoustic wave is simplified, in order to specify the cylindrical segment
where the acoustic wave is propagating. It will make it easier to explain all the theory used in
later chapters.
In the next sections, an upper positive sign denotes propagation along the positive x-direction; a
upper negative sign denotes propagation along the negative x-direction and the lower sub-index
denotes propagation through a given cylindrical segment.
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To relate the propagation of an acoustic wave to the acoustic coefficients (reflection and
transmission coefficients), assume two cylindrical cavities with different cross sectional areas
given by S 0 and S1 , joined at X=0.
When an incident acoustic wave P0+ propagates along the first cylindrical cavity S 0 , a reflected
acoustic wave P0− is generated, after the former acoustic wave finds a change in acoustic
impedance which, in turns is related to a change in the cross sectional area in the second
cylindrical segment S1 . At the same time, a transmitted acoustic wave P1+ is propagated along
the second cylindrical segment S1 . Figure 1 shows the respective acoustic waves generated and
propagated along its respective cylindrical segment.
This pattern is repeated in both directions as soon as each acoustic wave generated finds a
discontinuity along its way of propagation. The number of sample of acoustic pressure recorded
becomes an important parameter to increase the resolution and represent both forward and
backward space-time propagations which are directly related with a change in diameter along a
cylindrical cavity.

Figure 1. Change in acoustic impedance in a cylindrical cavity.
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The boundary conditions at X require continuity of the acoustic pressure P and volume velocity
U , that is

P0+ + P0− = P1+

(2.8)

U 0+ + U 0− = U 1+

(2.9)

and

Those continuity equations are used in acoustic reflectometry when the wavefront of the wave is
assumed to be planar and normal to the direction of propagation.

2.4 Acoustic coefficients in terms of specific acoustic impedance
The specific acoustic impedance Z of a fluid at a cross sectional area S is defined as the
complex ratio of acoustic pressure P and the volume velocity U . Mathematically, it means that

Z=

P
U

(2.10)

Hence, it is possible to define the specific acoustic impedance for each cylindrical segment
denoted by Z 0 and Z1 . Dividing (2.9) by (2.8) gives

P0+ + P0− P1+
=
U 0+ + U 0− U 1+
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(2.11)

After some algebraic manipulations, and using (2.10), it is possible to define the reflection
coefficient

in terms of either specific acoustic pressure or specific acoustic impedance as

r01 =

Physically, the reflection coefficient

P0− Z1 − Z 0
=
P0+ Z1 + Z 0

(2.12)

r01 is the ratio of the pressure amplitude of the reflected

acoustic wave and the pressure amplitude of the incident acoustic wave between cylindrical
segments S 0 and S1 .
When (2.8) is divided by P0+ , the transmission coefficient

t 01 may be defined as

P1+
t 01 = + = 1 + r01
P0

The transmission coefficient

t 01 is

(2.13)

thus defined as the ratio of the pressure amplitude of the

transmitted acoustic wave to the pressure amplitude of the reflected acoustic wave, between both
cylindrical segments S 0 and S1 , respectively. In terms of the specific acoustic impedance, the
reflection coefficient may also be given as

t 01 =

2 Z1
Z1 + Z 0

Note that both acoustic coefficients are defined by a change in acoustic impedance.
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(2.14)

2.5 Acoustic coefficients in terms of cross sectional area
When an acoustic wave propagates through a cylindrical cavity with a cross sectional area S ,
the specific acoustic impedance Z is related with the characteristic impedance Z c by

Z=

Zc
S

(2.15)

The characteristic impedance Z c is a material property of the medium where the acoustic wave
propagates and it is the given by

Z c = cρ

(2.16)

Where ρ is the density of the medium given in kg m-3. Substituting (2.16) into (2.15), it defines
the specific acoustic impedance for each cylindrical segment described in Figure1 as

Z0 =

cρ
S0

(2.17a)

Z1 =

cρ
S1

(2.17b)

Assuming that the acoustic wave is propagated through the same medium in both cylindrical
segments, (2.12) and (2.14) may be recalled to define the acoustic coefficients as functions of
specific acoustic impedance Z 0 and Z1 , given by equation (2.17). Thereby, the reflection
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coefficient and the transmission coefficient are defined in terms of the cross sectional area S 0
and given by

r01 =

S 0 − S1
S 0 + S1

(2.18)

t 01 =

2S0
S 0 + S1

(2.19)

and

The previous equations were deduced by Kinsler [18], and it is noted that each acoustic
coefficient depends on a change in the cross sectional area. These equations are used when the
incident acoustic wave propagates in a positive x-direction. A similar analysis is performed to
obtain the acoustic coefficients when the acoustic wave propagates in the negative x-direction,
that is

r10 =

S1 − S 0
= −r01
S 0 + S1

(2.20)

and

t 01 =

2 S1
= 1 + r01 = 1 − r01
S 0 + S1

(2.21)

Because the acoustic wave is bouncing on each cylindrical segment until the acoustic pressure
decay as function of the time, it is necessary to define the transmission loss equation as
21

t 01 t10 = (1 + r01 )(1 − r01 ) = 1 − r012

(2.22)

Because the transmission coefficient is represented as a function of the reflection coefficient
between two consecutive cylindrical segments, the transmission loss equation is defined as a
function of the reflection coefficient.

2.6 Space-Time diagram
It is possible to extend this theory and consider a long cylindrical cavity composed by different
cylindrical segments joined each other. A better representation of the history of propagation of
an acoustic pulse through a long cylindrical cavity is described by a Space-Time diagram.
Mathematically, the incident acoustic wave is represented by a discrete delta function
represented as

⎧1 → n = 0
P + [n] = δ [n] = ⎨
⎩0 → n ≠ 0

and the reflected acoustic wave is referred as the input impulse response

(2.23)

given by

P − [n] = iiir [n]

(2.24)

When the acoustic pulse δ[n] is propagated through the cylindrical cavity, all forward and
reflected acoustic waves are represented as a Space-Time function, see Figure 2.
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Several forward and backward propagations are generated as function of time (along the vertical
time axis) when each acoustic propagation passes through a variation in the cross sectional area
(along the horizontal distance axis).

Figure 2. Space-Time diagram.
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Each acoustic pressure in the Space-Time diagram is denoted by both upper and lower indices,
which define the acoustic pressure for a given Space-Time relationship. The direction of
propagation of the acoustic wave is denoted by a sign and the time of propagation is denoted by
square brackets. The lower sub-indexes denote, by a number, the cylindrical segment in which
the acoustic wave propagates and the letters l and r denote the position of the front wave at either
proximal end or distal end of each cylindrical segment. The sub-index l is used to indicate that
the front wave of the acoustic wave is located to the left side or the proximal end. The sub-index
r denotes that the front wave of the acoustic wave is located to the right side or the distal end for
each cylindrical segment.
It is evident that the axial resolution increases with the number of pressure waves recorded. The
Space-Time diagram is characterized to be a causal system because a reflected wave is only
generated when an incident wave finds a discontinuity in the cross sectional area along the
cylindrical cavity. Thereby, the Space-Time diagram is characterized to indicate zero acoustic
pressure below the main diagonal.

2.6.1 Impulse response in terms of acoustic coefficients
In terms of acoustic signals recorded (incident and reflected) by a reflectometer, the incident
acoustic wave is represented in the Space-Time diagram by only a forward pressure wave,
located at the origin δ[n]. All backward acoustic pressures y[n] displayed on the left side along
the y-axis represent the entire reflected acoustic wave as function of time. Hence, the SpaceTime diagram describes in sequential order the generation of the reflected acoustic wave y[n] in
terms of both forward and reflected acoustic waves which are directly related to both the
reflection and transmission coefficients.
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It is assumed that an acoustic pulse is generated and propagated through the source tube with a
uniform cross sectional area S 0 . For n = 0, a reflected acoustic wave is generated when the
incident wave δ[n] finds a change in the acoustic impedance due to the variation in the cross
sectional area between both cylindrical segments S 0 and S1 . The first value of the reflected
acoustic wave y[0] is given by the ratio of both acoustic amplitude pressures, which defines the
first reflection coefficient, that is

P0−,r
y[0] = + = r0,1
P0,r

(2.25)

The Space-Time diagram shows that the path to compute the next value of the reflected acoustic
wave, for n = 1, is composed of a forward transmitted acoustic wave between segments S 0 and

S1 , a backward reflected acoustic wave between segments S1 and S 2 , and a backward
transmitted acoustic wave between segments S 0 and S1 . Using the transmission loss (2.22), it is
possible to represent the value for y[1] by

→

←

←

y[1] = t0 ,1 r1, 2 t1, 0 = r1, 2 (1 − r02,1 )

(2.26)

For n = 2, the value of the reflected acoustic wave is composed of two acoustic trajectories
denoted as a primary reflection and a high order reflection.
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→

→

→

→

→

→

→

→

→

→

y[2] = t 0,1 t1, 2 r2,3 t 2,1 t1,0 − t 0,1 r1, 2 r0,1 r1, 2 t1,0

(

y[2] = r2,3 1 − r

2
1, 2

)(1 − r ) − r
2
0,1

(

r 1− r

2
1, 2 0,1

2
0,1

)

(2.27)

A primary reflection refers that the reflected acoustic wave is composed of one simple reflection,
while a high reflection is composed by more than one simple reflection. This is noted in the
Space-Time diagram.
The path to obtain the values of the reflected acoustic wave for n = 3 is composed of 5 high
acoustic trajectories. The reader should be able to determine the possible paths to define the
value of the reflected acoustic wave. The computational process becomes more and more
complex for n=4, 5, 6,….n-1.
The simulation model developed in this dissertation uses the sequential structure of the SpaceTime diagram in both forward and inverse problems to estimate the reflected acoustic wave and
compute the impulse response of a cylindrical cavity, respectively. The mathematical procedure
to decompose the impulse response and obtain the reflection coefficients is referred as Ware-Aki
algorithm [2] which is described in a later section.

2.7 Forward problem in acoustic reflectometry
In order to represent the bore profile of a cylindrical cavity as a tridimensional relationship, it is
necessary to quantify the l axial length. This parameter represents the length of each cylindrical
segment used along the x-axis in the Space-Time diagram. When the temperature in the medium
of propagation is assumed to be isotropic, the sampling frequency is the only parameter involved
to define the l axial length as
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l=

c
2 Fs

(2.28)

Fs represents the sampling frequency used to record the acoustic waves. Physically, it means that
a cylindrical cavity is composed of short cylindrical segments, joined each other, with a cross
sectional area

and a constant axial length l. Hence, the higher the sampling frequency, the

more the cylindrical segments required to represent an entire cylindrical cavity.
Mathematically, the cross sectional area of an entire cylindrical cavity is represented as a
function of the l axial length by a row vector. In other words, each value represents the cross
sectional area of each cylindrical segment with an axial length l.

cross sectional area = [S 0

S1

K

Sn ]

Graphically, the longitudinal axial resolution is shown in Figure 3. Note the bore profile is
assumed to have an infinite length.

Figure 3. A cylindrical cavity describe in terms of the axial length l.
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In this dissertation, the forward problem consists of computing the reflection coefficients from a
known cylindrical cavity by using (from 2.18 to 2.22) obtained by Kinsler [31]. Then, the
impulse response is obtained from the reflection coefficients using the Ware-Aki algorithm, to be
described in Chapter 3.
The forward problem is then used in acoustic reflectometry to perform the convolution between
the input impulse response and an incident acoustic wave. In this way, the reflected acoustic
wave is predicted. A block diagram is shown in Figure 4. This simple solution, to estimate the
acoustic waves, does not consider the acoustical losses that there exist in the cavity.
The forward problem is implemented to test several mathematical procedures and deconvolve the
impulse response from the acoustic signals which are recorded by a reflectometer. Thereby, it is
possible to evaluate the solution of the inverse problem and estimate the appropriate
experimental conditions.
The forward problem is used in the simulation model to cover a frequency bandwidth.
Theoretically, there is no limit in the frequency generated. However, because there are
constraints mentioned in the introduction, the allowed frequency bandwidth is the audible range.

2.7 Concluding remarks
The relationship between the cross sectional area and the reflection coefficients has been
discussed using the Space-Time diagram. The analysis shows that not only a reflected and a
transmitted acoustic wave are generated when they strike an object, but also they are generated
when the incident acoustic wave finds a change in the acoustic impedance due to a change in the
bore profile of a cylindrical cavity.
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Chapter 3

Reconstruction Algorithm

3.1 Introduction
The efficiency of the reconstruction algorithms [2, 17, 18, 24] developed in acoustic
reflectometry has been evaluated in different experimental conditions. For instance, they have
been tested in solid stepped cylindrical cavities, musical wind instruments, model in vitro of the
respiratory system, and real upper airways.
No matter what algorithm may be used, the acoustic signals must require of having a high signalto-noise ratio along a wide frequency bandwidth and a low DC offset component generated in
the propagation of an acoustic wave within the source tube. Under ill-conditions, the algorithms
estimate a cross sectional area of either long expansions or small reductions as function of the
distance. It is a consequence of the accumulative error on each iteration.
Despite of the Ware-Aki algorithm [2] does not consider losses within the cylindrical cavity, it is
still been used like reference to processing the signals acquired by several biomedical devices
[25, 28, 29, 32] to estimate either the bore profile of a human upper airway or the patency of an
endotracheal tube. Its performance in real-time applications [33] makes of this algorithm a good
biomedical tool. Hence, it is necessary to evaluate its performance using other type of acoustic
pulses like Gaussian-modulated sinusoidal waves. This chapter is entirely dedicated to describe
the Ware-Aki algorithm and its role in both forward and inverse problems.
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3.2 Reflection coefficients in terms of input pulse response
In the solution of the forward problem, the Ware-Aki algorithm is recalled to compute the input
impulse response of a cylindrical cavity. Thereby, this algorithm is the link between the impulse
response of a cylindrical cavity and its reflection coefficients.
In terms of the acoustic waves displayed in the Space-Time diagram, the Ware-Aki algorithm is
a powerful mathematical method to relate such acoustic waves recorded by an acoustic
reflectometer, y[n] and δ[n], with the information of the bore profile of a cylindrical cavity. This
part in the solution of the inverse problem and, the entire solution is described in Chapter 4.
The discussion of the Ware-Aki algorithm starts recalling (2.25).

r0,1 = y[0]

(3.1)

Because the incident acoustic wave is a delta function δ[n], the first reflection coefficient
between cylindrical segments S 0 and S1 is defined by the first amplitude value in the reflected
acoustic wave y[0].
Recalling (2.26), it is possible to define the second reflection coefficient between cylindrical
segments S1 and S 2 to have that

r1, 2 =

Using the first reflection coefficient

y[1]
1 − r02,1

(

)

(3.2)

and the second value of the reflected acoustic wave y[1] ,

the second reflection coefficient is calculated.
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Now, recalling (2.27), the third reflection coefficient is given by

r2,3 =

(

)

2
y[2] + r0,1 r1,2
1 − r02,1
y[2] + r0,1 r1,2 y[1]
=
2
2
1 − r0,1 1 − r1, 2
1 − r12, 2 1 − r12, 2

(

)(

)

(

)(

)

(3.3)

Note that the values obtained on (3.1), (3.2), and the third value of the reflected acoustic wave

y[2] must be required to compute the third reflection coefficient between segments S 2 and S 3 .
The above analysis shows the base to explain the Ware-Aki algorithm. In other words, it must be
noticed that each new reflection coefficient may be computed by a recursive process which
depends on the previously computed values.
It may be also deduced that the error computed is recursively increased when there is either a
low signal-to-noise ratio or a significant DC offset component in the acoustic waves recorded.
Those issues are discussed in Chapter 4.

3.3 Ware-Aki algorithm
The Ware-Aki algorithm computes the reflection coefficients by using a recursive equation, that
is

∑ a y[i - m]
=
∏ (1 − r )
i −1

ri ,i +1

m =0
i-1

m

2
m,m +1

m =0

where
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(3.4)

ri ,i +1 denotes the new reflection coefficient between two consecutive cylindrical segments
i and i+1.

rm2,m +1 is the previous reflection coefficient between segments m and m+1.
y[i - m] is the value of pressure of the reflected acoustic wave at y[n].
and

am is the coefficient of z m recursive polynomial denoted by Ai-1 (z ) .

The recursive polynomial Ai -1 (z ) is defined as function of z which denotes a delay for each
value computed for y[n] . This polynomial increases its order as function of each new reflection
coefficient computed. This general recursive polynomial is given by

Ai −1 ( z ) = a0 + a1 z + a 2 z 2 + K + ai −1 z i −1

(3.5)

It must be emphasized that only the coefficients am are used in (3.4), which represent the
reflection coefficients previously calculated.
The mathematical procedure to compute all coefficients of Ai -1 (z ) is a little bit more robust
because such recursive polynomial depends, at the same time, on other recursive polynomial
denoted by Bi −1 (z ) .
Mathematically, both polynomials are given by

Ai −1 (z ) = Ai − 2 (z ) + z ri -1,i Bi - 2 (z )

(3.6)

Bi −1 ( z ) = ri -1,i Ai − 2 ( z ) + z Bi - 2 ( z )

(3.7)
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The next two initial conditions must be used in the process to compute the reflection coefficients

A0 ( z ) = 1

(3.8)

B0 (z ) = r01

(3.9)

and

The respective values for n = [0, 1, 2, 3] of Ai -1 (z ) recursive polynomial are shown below.

A0 ( z ) = 1

(3.10)

A1 ( z ) = 1 + r0,1r1, 2 z

(3.11)

A2 ( z ) = 1 + (r0,1r1, 2 + r1, 2 r2,3 )z + (r0,1r2,3 )z 2

(3.12)

A3 (z ) = 1 + (r0,1r1, 2 + r1, 2 r2,3 + r2,3r3, 4 )z + (r1, 2 + r0,1r2,3 + r0,1r2,3r2,3 )z 2 + (r0,1r3, 4 )z 3

(3.13)

On the other hand, the respective Bi −1 ( z ) polynomials for n = [0, 1, 2, 3] are given by

B0 (z ) = r0,1

(3.14)

B1 ( z ) = r1, 2 + r0,1 z

(3.15)

B2 (z ) = r2,3 + (r0,1r1, 2r2,3 )z + r0,1 z 2

(3.16)

B3 (z ) = r3, 4 + (r0,1r1, 2 r3, 4 + r1, 2 r2,3r3, 4 + r2,3 )z + (r0,1r2,3r3, 4 + r0,1r1, 2 r2,3 + r1, 2 )z 2 + r0,1 z 3

(3.17)

The reader may be able to compute other next possible values, but the computational method
strictly requires of calculating both polynomials for each iteration.
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3.4 Computing the axial resolution of a cylindrical cavity
Once all reflection coefficients ri,i +1 have been calculated, the axial resolution may be computed
by using the next recursive equation

S i +1 = S i

1 − ri ,i +1
1 + ri ,i +1

(3.18)

The variable S i denotes an initial condition, which represents the cross sectional area of the
source tube, S i +1 denotes the cross sectional area for the i-cylindrical segment which composed
the entire cylindrical cavity, see Figure 3.
Hence, the first initial condition S 0 , for i = 0 , and the first reflection coefficient r0,1 are used to
estimate the area of the first cylindrical segment S1 . This value is again used, in the next
iteration as the new initial condition, besides the reflection coefficient r1,2 , to estimate the cross
sectional area of S 2 .
The procedure is repeated until all reflection coefficients are used. The number of reflection
coefficients required to estimate the entire bore profile is a function of the sampling frequency
which, in turn is related to the l axial length defined in equation (2.28). When all reflection
coefficients computed from the impulse response are used, it is possible to estimate the bore
profile of the current cylindrical cavity of study and a further bore profile is computed from later
multiple reflections. Note that the error in the estimated bore profile of each cylindrical segment
may be increased due to the round off error. So, it is important to implement a good digital signal
processing to filter the acoustic waves such that the noise does not be considered as a factor of
increasing the round off error.
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3.5 Concluding remarks
In general, the Ware-Aki algorithm is a recursive equation based on recursive z-polynomials to
compute all reflection coefficients as function from a Space-Time relationship. The Ware-Aki
algorithm is a robust mathematical procedure, but this algorithm becomes an easy computational
procedure when it is well implemented by software. Finally, the recursive equation to compute
the bore profile from the reflection coefficients previously calculated was also discussed.
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Chapter 4

Inverse Problem in Acoustic Reflectometry

4.1 Introduction
In the history of acoustic pulse reflectometry several ways to improve the quality in the sound
waves have been tested. In this way, the content of acoustic energy has been improved, but the
frequency content is still limited. Hence, new ways to improve the frequency response of a
cylindrical cavity are required in the solution of the inverse problem.
Acoustic reflectometry, not only requires a reconstruction algorithm, but also an efficient way to
deconvolve the impulse response from the acoustic waves generated and recorded from the
acoustic reflectometer.
In this chapter, the instrumentation required in the building of an acoustic reflectometer is
described. Because Gaussian-modulated acoustic packets are used in the Ware-Aki algorithm,
the procedure to compute the impulse response, the compensation of losses along the source
tube, and the DC offset component generated in the propagation of sound waves are also
described. At the end, all sections are recalled to define the solution of the inverse problem.
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4.2 Acoustic reflectometer
In order to analyze the acoustic signals, it is necessary to design and build an acoustic
reflectometer, which is defined as all required instrumentation to generate and record the
acoustic waves produced by the propagation of an incident wave through a source tube.
A Gaussian-modulated sinusoidal wave data base is generated in Matlab software. The signals
are exported into a digital acquisition card, Biopac MP150. This system has input/output
channels, which allow generating and recording the signals required. Hence, the Biopac system
is used to drive a digital waveform to the loudspeaker, JBL 2425.
Because the power provided by the Biopac system is too low to generate an incident acoustic
wave with enough acoustic energy, it is necessary to amplify the electrical signal using a linear
power amplifier. The gain in the power amplifier, NADY AUDIO XA-900, is carefully selected
to avoid distortion in the acoustic waves. The approximated gain of the amplifier is 7 dB.
The incident acoustic wave propagates through a source tube with a uniform diameter of 1.1 cm
and of 805.5 cm length. It has been referred in previous chapters as the source tube. The incident
wave strikes a cylindrical cavity placed at the distal end of the source tube. A reflected acoustic
wave is generated and propagated in opposite direction of the former wave, as it was described in
Chapter 2.
A microphone, ELECTRET 33-1052, set flushing with the inside wall and placed at the middle
of source tube is used to record both acoustic waves. To improve the signal-to-noise ratio, the
signals recorded by the microphone are amplified by an instrumentation amplifier INA122P.
Then, the signals are digitalized and stored by the Biopac system. The time to generate and
record each signal is 0.12 s. A block diagram of the instrumentation required in the acoustic
reflectometer is shown in Figure 5.
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Figure 5. Schematic block diagram of an acoustic reflectometer.

It is important to emphasize that several ways to generate and record the sound waves have been
used throughout the history of acoustic reflectometry. Figure 5 shows the most versatile way
because a computer is used to test different acoustic waveforms to be propagated along the
source tube. In this way, the sound waves generated are characterized by having a well defined
waveform. Figure 6 shows the actual acoustic reflectometer located in the Biopotentials Imaging
Laboratory at the University of Texas El Paso.
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Figure 6. Acoustic reflectometer used in this research.

One of main reasons for using a long source tube lies in the fact that a physical identification of
the incident acoustic wave is achieved before the reflected acoustic wave is generated. Thereby
the computational cost is reduced. Another meaningful reason consists of recording a stable
signal in the time domain, which is used to calculate amplitude, phase and DC offset component
for each acoustic wave recorded and, respectively, identified.

4.3 Gaussian-modulated acoustic packets
Instead of using an acoustic pulse limited in frequency, acoustic sinusoidal packets were used to
estimate the impulse response of a cylindrical cavity. A Gaussian-modulated sinusoidal wave is
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generated when a sinusoidal wave is multiplied by a Gaussian function [26]. This type of
acoustic waves are easy to generate and have a modulated narrow bandwidth.

Figure 7. Gaussian-modulated sinusoidal wave at 500 Hz.

A data base of Gaussian-modulated sinusoidal packets is available in the Matlab software. Each
digital signal is based on an algorithm which defines the desire frequency, the time of
propagation and the number of cycles within a short period of time.
A digital Gaussian-modulated sinusoidal wave at 500 Hz is shown in Figure 7. A sampling
frequency of 100 kHz is used in the respective generation and acquisition of data. The signal
generated by the reflectometer is displayed in Figure 8. After the reflected acoustic wave, there
are multiple reflections that are not useful to estimate the impulse response of the cylindrical
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cavity. The multiple reflections are a consequence of the reflected acoustic wave, when it strikes
the loudspeaker and generates other reflected waves.

Figure 8. Acoustic wave recorded by the reflectometer at 500 Hz.

The first issue to be noticed is that the incident wave may be easily identified from the reflected
wave. The second issue lies in the fact that the incident acoustic wave does not display the same
peak values. In other words, the acoustic wave is not symmetric in amplitude with respect to the
base time. The third issue, and probably the most important, is that it seems that the DC offset
component is practically nonexistent when this type of acoustic wave is propagated in the
reflectometer.
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4.4 Filtering the acoustic waves
The experimental data base recorded by the reflectometer is denoted by decreasing the amplitude
of both acoustic waves as function of the frequency. At relatively high frequencies, this fact
becomes a serious problem because the signal to noise ratio is too low. On the other hand, at
relatively low frequencies the peak values of the acoustic signal is not the same. Matched filter is
not only used on each acoustic wave to make the amplitude of the peak values symmetric in
amplitude, but also it is used to improve the signal-to-noise ratio at high frequencies, as it is
shown in figure 9.
Matched filter is used in the mathematical procedure to improve the measurement of the
frequency response of a cylindrical cavity at high frequencies.
It is important to emphasize that despite the fact that the signal-to-noise ratio may be improved,
it is necessary to compensate the losses during the propagation of both acoustics along the source
tube. Without this compensation the maximum frequency available in the analysis is about 4
kHz. A later section describes the way of determining the acoustic attenuation and the
compensation in the frequency impulse response.
The first step in the mathematical procedure to compute the frequency impulse response of a
cylindrical cavity consists of separating the incident from the reflected acoustic wave. Then, time
intervals of both acoustic waves, around their peak value, are used to fit a sinusoidal signal given
by

y(t ) = B + A sin(ωt + θ )

(4.1)

Such that a least mean square algorithm is used on each signal to compute its amplitude A,
angular frequency ω , phase θ , and DC offset component B. These regions of time are the same
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for all the frequencies used in the analysis. Because the time interval at low frequencies covered
few cycles of the acoustic signals, a very small DC offset component is computed at frequencies
below 300 Hz.

Figure 9. Filtered acoustic wave by matched filter.

4.5 Frequency impulse response of a cylindrical cavity
The frequency impulse response of a cylindrical cavity is obtained by deconvolving the signals
generated from a reflectometer. This mathematical procedure can be done either in frequency or
time domain. For instance, in acoustic pulse reflectometry, the most common procedure consists
of dividing the Fourier transform of the reflected acoustic wave by the Fourier transform of the
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incident acoustic wave [6, 7, 15, 16]. However, singular value decomposition [22], a powerful
mathematical procedure, has been also performed to obtain the impulse response in the time
domain. The good performance of these methods depends on eliminating the DC offset
component and compensating the signal-to-noise ratio.
In this dissertation the frequency impulse response is computed by using the values computed in
(4.1). Once the amplitude and phase of each acoustic wave for each frequency is calculated, the
amplitude response of the cylindrical cavity is given by

A(ω ) =

Ar (ω )
Ai (ω )

(4.2)

Where Ar (ω ) and Ai (ω ) denote the amplitude response of reflected wave and incident wave,
respectively, at frequency ω . On the other hand, the phase response of the cylindrical cavity is
computed by the difference between their phases as given by

θ (ω ) = θ r (ω ) − θ i (ω )

(4.3)

Where θ r (ω ) and θ i (ω ) denote the phase response of the reflected and incident acoustic wave,
respectively. It is clear that the total frequency impulse response iir (ω ) of a cylindrical cavity is
computed as function of each frequency used to sweep the bandwidth according to the relation.

iir (ω ) = A(ω ) eθ (ω )
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(4.4)

The resolution of the frequency impulse response depends on the frequency step size, which is
the interval of frequency used to sweep the audible frequency range.
The Inverse Discrete Fourier Transform, IDFT, is used to represent the impulse response in time
domain and it is used in the Ware-Aki algorithm to estimate the reflection coefficients ri ,i +1 ,
which in turn represents a space-time relationship of the variation of the cross sectional area as a
function of distance.
As it is noted in Figures 8 and 9, the application of Gaussian-modulated acoustic waves seems to
eliminate the DC offset component along the source tube. However, the procedure used to
compute the frequency impulse response detects a very small DC offset component at relatively
low frequencies (< 300 Hz). The same value is computed when the signals acoustic are
characterized by (4.1). Thereby, this factor is compensated by adding both components as
function of their respective frequencies.
As it was mentioned, it is necessary to compensate the losses along the source tube before
implementing the Ware-Aki algorithm is described in the next section.

4.7 Attenuation of sound waves in the acoustic reflectometer
An acoustic pressure wave P attenuates as it propagates in any lossy medium. The equation
which describes an attenuated acoustic pressure wave is given by

P = P e -γ ξ

(4.5)

γ = α + jβ ,

(4.6)

where
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and α and β are the attenuation and the phase constant of the acoustic wave which are functions
of distance and frequency. So, the general equation to describe the propagation is represented in
terms of a fundamental frequency ωn and a distance ξ n as given by

P(ωn , ξ n ) = P e - α (ωn )ξn e - j β (ωn )ξn

(4.7)

In acoustic reflectometry, it is necessary to estimate the exponential attenuation along the source
tube to compensate the acoustic waves which provide the information necessary from the
cylindrical cavity placed at the end of the source tube.
Figure 10 (a) shows the propagation of an incident acoustic wave along the positive x-direction.
The signal is recorded by only one microphone placed at the middle point denoted by ξ m .
However, the incident acoustic wave is exponentially attenuated along its path before it strikes
the cavity.

Figure 10. Propagation of an incident acoustic wave (a) and a reflected acoustic wave (b).

47

A change of acoustic impedance generates the reflected acoustic wave which propagates in
negative x-direction. Figure 10 (b) shows the propagation of a reflected acoustic wave which is
recorded by the same microphone. The distance between the microphone and the cavity is such
that, the incident acoustic wave is recorded before the reflected wave is generated. Because the
reflected acoustic wave propagates the same distance, it is assumed that the reflected acoustic
wave is exponentially attenuated by the same magnitude as the former acoustic wave.
In the laboratory, both factors α and β were calculated by propagating an acoustic wave
through the source tube. The acoustic pressure is recorded at two different positions separated by
a distance d. In this research, both positions are referred as the middle point and the cavity point,
denoted by ξ m and ξ c , respectively, as shown in Figure 11. This ξ c position is placed such that
it denotes the distance where the cylindrical cavity of study is placed in the acoustic
reflectometer.
The reflected acoustic wave is avoided by keeping the acoustic impedance along the source tube.
In other words, a long cylindrical cavity with the same diameter as the source tube is joined to
the reflectometer.

Figure 11. Two characteristic positions along the source tube.
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Figure 12 shows the real acoustic waves recorded at both positions; the fundamental frequency is

ω1 = 500 Hz . The amplitude of the acoustic wave recorded at ξ m is greater than the amplitude of
the acoustic wave at ξ c . It is due to the attenuation when the acoustic wave propagating along
the positive x-direction within the source tube. However, this attenuation is also a function of the
fundamental frequency ωn in the acoustic wave.
It is necessary to deduce the mathematical relationship which describes the dependence of the
attenuation along a distance

for any frequency ωn .

Figure 12. An incident acoustic wave attenuated along the source tube.
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Despite the fact that the experimental acoustic waves are not exactly sinusoidal, they may be
characterized by its peak value in phasor notation. In other words, the amplitude and phase of the
experimental acoustic pressure PE recorded at ξ m may be given by

PE (ω n , ξ m ) = P(ω n , ξ m ) ∠φ (ω n , ξ m )

(4.8)

The amplitude and phase of the experimental acoustic pressure PE recorded at ξ m for any
frequency ωn may be represented by

PE (ω n , ξ c ) = P(ω n , ξ c ) ∠φ (ω n , ξ c )

(4.9)

On the other hand, (4.6) is used to represent the theoretical acoustic pressure PT at ξ m and at

ξ c , which are given by

PT (ω n , ξ c ) = P e -α ξ c e - jβ ξ c

(4.10)

PT (ω n , ξ m ) = P e -α ξ m e - jβ ξ m

(4.11)

and

Dividing equations (4.9) and (4.10) defines the attenuation ratio Γ along the positive x-direction
from ξ m to ξ c as

Γ=

PT (ω n , ξ c )
PT (ω n , ξ m )

or
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(4.12)

Γ = e - α (ξc −ξ m ) e - jβ (ξc −ξ m )

(4.13)

At this point, there are two scenarios to be related each other, in order to compute the parameters
α and β. The first scenario consists of using the amplitudes to describe the propagation of the
acoustic waves recorded at ξ m and ξ c to derive the α coefficient. The second scenario consists of
using the phases of the acoustic waves at the same positions to derive the parameter β.
The mathematical procedure to derive α consists of equating only the magnitudes of all previous
expressions at their respective positions as function of frequency. In other words, for any ωn at

ξ m it gives that

P e - α (ωn )ξm = P (ωn , ξ m )

(4.14)

P e - α (ωn )ξc = P (ωn , ξ c )

(4.15)

and for ωn at ξ c it gives that

Dividing (4.13) by (4.14), the parameter P cancels out, and assuming that α is a constant
parameter at a given frequency ωn , it gives

⎛ P(ω n , ξ c )
ln⎜⎜
P(ω n , ξ m )
α (ω n ) = − ⎝
(ξ c − ξ m )
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⎞
⎟
⎟
⎠

(4.16)

The mathematical procedure for compute β consists of equating the phase shift in equation
(4.12) to the experimental phase shift measured in the acoustic waves, as shown in Figure 11.
That is

β (ωn )(ξ c − ξ m ) = φ (ωn ,ξ c ) − φ (ωn ,ξ m )

(4.17)

The parameter β is either described by

β (ω n ) =

Δφ
(ξ c−ξ m )

(4.18a)

β (ω n ) =

ω n (t 2 − t1 )
(ξ c−ξ m )

(4.18b)

or

Hence, the entire attenuation between ξ m and ξ c along a positive x-direction is then given by

Γ=

P (ω n , ξ c )

P (ω n , ξ m )

e − j ω n (t 2 −t1 )

(4.19)

The attenuation of the reflected wave which propagates along negative x-direction must be
considered. Because α and β may be assumed to be at the same value along the same distance, it
means that the total attenuation in the frequency response is twice. That is
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Γ=2

P (ω n , ξ c )

P (ω n , ξ m )

e − j 2 ωn (t 2 −t1 )

(4.20)

The attenuation is used in the solution of the inverse problem to compensate the losses in the
frequency impulse response.

4.8 Compensation along the source tube
In order to compensate the attenuation in the source tube, it is necessary to experimentally
calculate α and β.
In this experimental analysis, one more characteristic position ξ is considered. Its purpose is
being to analyze the exponential attenuation along the entire source tube. The new position,
denoted by ξ s , refers to the position at the loudspeaker. Figure 16 shows the distances Xn among
those three characteristic positions along the setup.

Figure 13. Three characteristic positions
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ξ n along the source tube.

In Figure 13,

xc denotes the location of a connector which is used to join a short cylindrical

segment of 10.5 cm with the source tube. This segment has the same diameter as the source tube
and it is used to place the microphone at both ends of the source tube.
The acoustic impedance generated at the connector

xc is very low to claim that the reflected

acoustic wave does not modify the acoustic wave propagated along positive x-direction.
The experimental procedure consists of sweeping the frequency bandwidth using Gaussianmodulated acoustic waves to record the acoustic pressure at each position. Once the acoustic
pressures are recorded, a modified version of equations (4.15) and (4.17), with the respective
positions of distance, are recalled to represent the respective parameters.
Three values of each parameter, α and β, are calculated. The first value corresponds to the
interval between ξ c and ξ m . The second parameter represents the values between ξ m and ξ s ,
and the last case is that given between ξ c and ξ s .
The algorithm used to compute the impulse response is recalled again to compute the amplitude
and phase of each acoustic wave used in this analysis. Figure 14 and 15 display the values of α
and β computed at their respective positions.
The attenuation is assumed to be constant along the source tube. On the other hand, in a
dispersive medium, the phase velocity varies with frequency and it is not the same at the group
velocity of the wave.
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Figure 14. Parameter α as a function of frequency.

In theory, any of those three cases may be used to compensate the losses with the correct
assumption in the distance along the source tube. For instance, when the parameters α and β
either between ξ c and ξ m or between ξ m and ξ s are used, (4.18) is recalled to compensate the
attenuation along the distance cover by both acoustic waves. On the other hand, when the
parameters calculated of α and β between ξ c and ξ s are used, a modified version of (4.19) may
be rewritten as

Γ=

P(ω n , ξ c )

P (ω n , ξ s )

e − j ωn (t2 −t1 )

In this way, the attenuation is assumed along the same distance covered by (4.20).
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(4.21)

Figure 15. Parameter β as a function of frequency.

4.9 Solution of the inverse problem
The solution of the inverse problem consists of integrating all issues discussed in all previous
sections. In summary, instead of using acoustic pulses limited in frequency, Gaussian-modulated
sinusoidal waves may be used to sweep either a frequency bandwidth or specific frequency
ranges within a frequency bandwidth. The resolution of the frequency impulse response depends
on the frequency step size. The signal-to-noise ratio at high frequencies is improved applying a
simple matched filter computation.
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The compensation of the DC offset component in the amplitude response and the compensation
of losses along the source tube is performed in the frequency domain.
The Inverse Discrete Fourier Transform, IDFT, is used to map the frequency impulse response
into time domain and the Ware-Aki algorithm is used to calculate the reflection coefficients
which provide the axial resolution of a cylindrical cavity.
A block diagram of the solution of the inverse problem is summarized in Figure 16. It is referred
as the entire solution of backward problem in acoustic reflectometry. The versatility in the
solution of the inverse problem allows focusing within specific ranges of frequency along the
audible frequency bandwidth; such issue is not possible to perform when an acoustic pulse
reflectometry is used.
The audible frequency bandwidth may be divided in sub-intervals of frequency and calculate a
total frequency response by superposition. In other words, each impulse response obtained for
each specific sub-interval of frequency is integrated.
Significant frequencies are identified along the audible frequency bandwidth such that relatively
low frequencies are used to estimate the general shape of a cylindrical cavity and relatively high
frequencies are used to refine the axial resolution of the bore profile.
This dissertation also evaluates the role of the frequency step size along the frequency response
of a reflectometer. It is possible to find an optimum number of acoustic waves to sweep the
frequency bandwidth and evaluate several rates of frequency step size, such as: a relatively small
constant frequency step size, a relatively high frequency step size, a logarithm frequency step
size, or a linear frequency step size.
Because the overall analysis is denoted by the content of frequency which is a function of
frequency step size, it is possible to reduce the number of acoustic waves required to estimate the
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frequency impulse response and obtain a good axial resolution. Those parameters are evaluated
in a simulation model to evaluate the importance of each one.

4.10 Concluding remarks
The entire solution of the inverse problem has been described in terms of each parameter used in
the acoustic reflectometry. Because the amplitude of the acoustic waves decreases as function of
the frequency, it is necessary to improve the signal to noise ratio at high frequencies and
compensate the losses along the source tube.
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Chapter 5

Simulation Model in Acoustic Reflectometry

5.1 Introduction
In general, the use of computer software has contributed to several aspects in science and
research. For instance, it has been used not only to reduce the computational cost of complex
mathematical procedures, but also to predict and represent the nature of a physical phenomena.
In this way, expenses may be reduced, and the convenience to repeat the results in several
scenarios, as many times as it is required, makes a simulation model a very attractive tool.
However, the parameters involved must be well defined by mathematical equations and tables to
describe the reality with an appropriate accuracy.
This chapter describes the potential of a simulation model to evaluate the performance of
applying Gaussian-modulated sinusoidal waves to the Ware-Aki algorithm for six different
cylindrical cavities. Ideal conditions are assumed in the sound waves, such that it is possible to
identify a short time of a stable signal and estimate the frequency bandwidth of a cylindrical
cavity.
The frequency step size as function of the bandwidth are quantified through the quadratic error
between a proposed test cavity in the forward problem, and an estimated test cavity computed by
the inverse problem. Hence, three possible scenarios are described to estimate the bore profile
with an appropriate axial resolution.
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5.2 Independent parameters in the solution of the inverse problem
The independent parameters in the solution of the inverse problem consist of sweeping a
frequency bandwidth using a finite frequency step size. Because the solution of the inverse
problem controls the frequency content, the bandwidth may cover either the entire audible range,
or a limited spectral range. The frequency step size denotes the interval between each frequency
used to sweep the frequency bandwidth.
In order to test the performance of solving the inverse problem by using a simulation model and
evaluate the independent parameters, the forward problem is recalled to simulate the reflected
signals that may be obtained from an acoustic reflectometer.
A sampling frequency of 100 kHz is used to represent the bore profile of cylindrical cavities
using (2.28). In this way, the first proposed test cavity is characterized by having a well known
bore profile as function of distance, as it is shown in Figure 17.

Figure 17. Proposed test cavity used in the forward problem.
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5.2.1 Superposition of the impulse response
One of the most ideal conditions requires of sweeping the half audible frequency range with a
small frequency step size of 50 Hz. This frequency bandwidth in turn was divided in 10 equally
spaced frequency subintervals to qualify and quantify the axial resolution obtained for each
subinterval.
The magnitude and phase response for each interval of 1 kHz are displayed in the two first
columns of Figure 18, respectively, while the time impulse response is displayed in the third
column. A comparison between the estimated test cavity, black line, and the proposed test cavity,
red line, is displayed in the fourth column.
The frequency content in the impulse response seems to have a relationship with the axial
resolution of a cylindrical cavity. It means that there are frequencies which provide relevant
information of the bore profile as function of the distance.
The axial resolution as function of the distance for relatively high frequencies (> 4 kHz) is
characterized to define a bore profile with a uniform cross sectional area. However, for relatively
low frequencies (< 4 kHz), the estimated bore profile is characterized by having soft variations in
the cross sectional area as function of the distance.
One of the main advantages of having control over the frequency content in the acoustic wave
lies in the fact that all impulse responses obtained might be superposed to integrate a total
impulse response which covers a wide frequency bandwidth.
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Figure 18. Frequency bandwidth divided in ten equally spaced intervals of frequency
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Figure 19 shows the first scenario to compute the bore profile with high accuracy. It consists of
integrating the impulse response in frequency and time domain, respectively, along the entire
frequency bandwidth.
A comparison between the proposed test cavity, red line, and the estimated test cavity, black line,
is shown in the fourth chart of this figure. Note that an excellent axial resolution may be obtained
when all frequencies are used. The computational cost depends on the number of acoustic waves
used during the computational procedure.

Figure 19. Solution of the inverse problem in the range of frequency from 50 Hz to 10 kHz.

5.2.2 Significant frequencies in acoustic reflectometry
The result obtained by considering all possible frequencies, in the linear frequency analysis, is
directly related to improve the axial resolution of a cylindrical cavity by increasing the frequency
response of the cylindrical cavity. In order to quantify this finding, the quadratic error between
the estimated and proposed test cylindrical cavities was computed as function of an increment of
1 kHz in the frequency bandwidth, as shown in Figure 20. In other words, the impulse response
of each subinterval along the frequency bandwidth is integrated.
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Figure 20. The quadratic error as function of an increment in the bandwidth.

The largest quadratic error is computed when the frequency response covers the lowest
subinterval of frequency, 50 Hz – 1 kHz. On the other hand, the quadratic error is significantly
reduced when the frequency bandwidth of 4 kHz is covered. Above 4 kHz, there is no such
significant reduction in the quadratic error, but it is still reduced.
This finding assumes that relatively low frequencies provide a general shape in the cross
sectional area as function of the distance and relatively high frequencies refine the result to
improve its axial resolution.
Using the principle of superposition, it is possible to identify the range of frequency, which
provides the main information to estimate the bore profile with an appropriate resolution; such
interval may be referred to as “the significant frequencies”.
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The significant frequencies for the proposed test cavity lie in a bandwidth of 4 kHz. Hence, the
bore profile of this cylindrical cavity may be estimated with appropriate accuracy, as it is shown
in Figure 21.

Figure 21. Significant frequencies for the proposed test cavity.

Hence, the second scenario to estimate the bore profile with an appropriate axial resolution
consists of identifying the significant frequencies. It means that not only the number of acoustic
signals may be reduced, but also undesired components due to the instrumentation at
experimental high frequencies may be avoided. In consequence, the computational cost of
processing this information may be reduced.
It is important to emphasize that the significant frequencies depend on the bore profile of the
cylindrical cavity to study, as it is shown in the next section.
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5.2.3 Constant frequency step size along a frequency bandwidth
The frequency step size denotes the resolution of the frequency impulse response within a
frequency bandwidth. In consequence, the resolution of both the impulse response and the bore
profile of a cylindrical cavity depend also of such parameter.
Several values of the frequency step size may be used along different frequency bandwidths to
compute the bore profile of a cylindrical cavity and determine not only the optimum frequency
step size in the solution of the impulse response, but also the range of frequency where the
significant frequencies lie in the bandwidth.
Hence, the quadratic error between the estimated and the proposed test cavities is computed as
function of the frequency step size within a covered frequency bandwidth. The bandwidth is
scanned increasing its range of frequency response by 1 kHz until it covers 10 kHz. Figure 22
denotes the respective bandwidths covered.

Figure 22. Ten bandwidths were covered using several frequency step sizes.
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Six different cylindrical cavities, which are shown in the first column of Figure 26, are used to
make the analysis using several constant frequency step sizes. The second column, in the same
figure, shows the quadratic error computed as function of a constant frequency step size within
the respective frequency bandwidth.
The procedure consisted in calculating the quadratic error for a frequency bandwidth of 1 kHz by
using a frequency step size of 10 Hz. Then, assuming the same frequency bandwidth, the
quadratic error is again evaluated, but now using a frequency step size of 20 Hz. This procedure
was consecutively performed for all frequency bandwidths shown in Figure 25, once at a time,
until the maximum frequency step size is 500 Hz.
The first proposed test cavity shown in Figure 23 is that initially used in this chapter to compute
the quadratic error in Figure 20. Note that in both figures, a significant reduction of the quadratic
error occurred when the significant frequencies were covered. It is for a frequency bandwidth of
4 kHz. On the other hand, the quadratic error seems to be constant on each frequency bandwidth,
no matter what value of frequency step size may be used.
The bore profile shown in both second and third cylindrical cavities have been used in some
papers [19, 26] to test the solution of the inverse problem. Their bore profiles are characterized
by having an increased and a reduced stepped bore profile, respectively. Because those cavities
are composed by three different cross sectional areas, it is possible to assume that they may have
a simple bore profile, but the analysis of the quadratic error shows the contrary.
In both cases, there are two issues to be emphasized, the first refers to the significant frequencies
contained along the entire frequency bandwidth. The second issue lies in the fact that the
quadratic error is highly increased as function of the frequency step size. It means that the
computational cost to estimate the bore profile of this type of cylindrical cavities is high, because
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Figure 23. Quadratic error evaluated for six different cylindrical cavities.
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it requires a small frequency step size and a high frequency bandwidth. This is the only way to
estimate a high axial resolution. The fourth cylindrical cavity was composed of a very small
variation in the cross sectional area as function of the distance. The analysis shows that
significant frequencies are also grouped. However, in this particular case, the quadratic error is
very low and constant, no matter what frequency step size is used to estimate the cylindrical
cavity. In consequence, the computational cost is low, because it is not required both a high
frequency bandwidth and a small frequency step size to estimate a good axial resolution of the
cross sectional area.
The analysis for the last two cylindrical cavities shows that the significant frequencies are
contained in a frequency bandwidth of 5 kHz. Note that the quadratic error increased as function
of frequency step size. It means that the bore profile is again improved for a wide frequency
bandwidth and a small frequency step size.
In general, the solution of the inverse problem denotes a tradeoff between an appropriate axial
resolution and computational cost, but it depends on the variation of cross sectional area as
function of the distance.
Because the above analysis shows that the low frequencies provide the general shape of the bore
profile and the high frequencies refine the result, the simulation model may be used to evaluate
the solution of the inverse problem by using different rates of frequency step size.
Either a logarithmic or linear frequency step size may be used to sweep the frequency bandwidth.
In this way, the analysis is focused to obtain the general shape of the cylindrical cavity by using
more frequencies in the lower frequency bandwidth and fewer high frequencies are used to refine
the axial resolution.
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5.2.4 Different rates of frequency step size along a frequency bandwidth
In order to quantify the performance of using different rates of frequency step size, the quadratic
error is computed into five scenarios, given in Table 1, for each proposed test cavity shown in
Figure 23.
The frequency bandwidth is dived in 10 equally spaced frequency subintervals such that either a
different or a constant frequency step size is used to sweep each subinterval. Then, the total
impulse response is integrated in time domain to compute the estimated test cavity and determine
the quadratic error respect to the proposed test cavity.

Table 1. The quadratic error is evaluated using different frequency step sizes for each cylindrical cavity.

For instance, the first case denotes a linear rate in the frequency step size to sweep a frequency
bandwidth of 10 kHz. In this way, the first subinterval, from 50 Hz to 1 kHz, is swept by using a
frequency step size of 50 Hz. The second subinterval, from 1 kHz to 2 kHz, is swept by using a
frequency step size of 100 Hz. The frequency step size is linearly increased on each interval until
the last subinterval, from 9 kHz to 10 kHz, is swept by a frequency step size of 500 Hz. In this
case, the computational cost is based on 56 acoustic waves, which were linearly distributed from
50 Hz to 10 kHz. This process is repeated for the next four cases in Table 1.
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The parameters specified in the second row denote a logarithmic rate frequency step size, which
required 78 frequencies distributed along a frequency bandwidth of 10 kHz.
The third and fourth rows represent two constant rates in the frequency step size, with 50 Hz and
500 Hz respectively, to sweep a frequency bandwidth of 10 kHz. The computational cost
required 200 and 20 frequencies, respectively, on each case. The last row, in Table 1, is given by
the worst condition using a large frequency step size and a truncated frequency bandwidth of 5
kHz.
Figure 24 quantifies the quadratic error obtained for each cylindrical cavity ruled by those
conditions in Table 1.Despite the computational cost was very low when the last two parameters
were used; a high quadratic error was computed in four cylindrical cavities. Thereby, it seems to
be the worst case to be applied in the solution of the inverse problem. A lower quadratic error is
computed when more frequencies are used to sweep the frequency bandwidth. It occurs for a
linear and logarithmic frequency step sizes.
The analysis shows that no matter what cylindrical cavity may be used in the inverse problem,
the lowest error computed occurs when a small, constant frequency step size is used to sweep the
entire frequency bandwidth. The third row denotes the appropriate conditions to estimate a bore
profile.
On the other hand, note that the difference in the error obtained in both linear and logarithmic is
not so different to that obtain by using a constant frequency step size.
In order to qualify that computed quadratic error, it is necessary to make a graphical comparison
between the estimated test cavity and the proposed test cavity. So, ruled by the parameters shown
in Table1, the estimated test cavities are shown in Figure 25.
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Figure 24. Quadratic error of the bore profile using different rates of frequency step sizes.

The proposed test cavity is displayed in color red and the estimated test cavity is displayed in
color black. It graphically shows that a high axial resolution may be computed by using any of
the first three rates in the frequency step size.
It is noted that the bore profile of certain cylindrical cavities may be obtained with an appropriate
accuracy by using a large frequency step size or a truncated frequency bandwidth. However, it
depends on the variation of the bore profile of a cylindrical cavity.
So, the results obtained by using several rates of frequency step size, suggest that the third
scenario to compute the general bore profile of a cylindrical cavity consists of using either a
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linear or logarithmic frequency step size. The axial resolution seems to be appropriated and the
computational cost is lower than using a small, constant frequency step size.

Figure 25. Qualitative comparison of the bore profiles.
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5.2.5 Impulse response
The impulse responses of the second proposed test cavity using several rates of frequency step
size are displayed in Figure 26. It is noted a few difference among the amplitudes of the impulse
responses. However, a large difference between the estimated and proposed cavity is found when
a large frequency step size is applied along the frequency bandwidth. Thereby, a quantitative and
a qualitative analysis between third and forth cases in the Table 1 is performed in this section.

Figure 26. Impulse responses for the second cylindrical cavity.
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The difference between both impulse responses obtained by using a frequency step size of 50
and 500 Hz is displayed in Figure 27. A small constant DC offset component of 0.008 V is
present along the entire impulse response as function of the time.

Figure 27. Difference between two impulse responses for the second cylindrical cavity.

This procedure was repeated for the proposed test cavities and their values are displayed in Table
2.
The values of this DC offset component were added to the impulse response when a large
frequency step size of 500 Hz is used to sweep the frequency bandwidth of 10 kHz, and the
quadratic error is computed and displayed in Figure 28.
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Table 2. DC offset components along the difference between two impulse responses.

Cylindrical cavity

DC offset computed (V)

1

0.0012

2

0.008

3

-0.011

4

0.00005

5

0.007

6

0.0106

Figure 28. Quantitative comparison of quadratic error by adding a DC offset component.
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A qualitative comparison between the proposed and test cylindrical cavities by adding this DC
offset component is displayed in Figure 29.

Figure 29. Qualitative comparison of quadratic error by adding a DC offset component.

A high axial resolution between the estimated and proposed test cavities is evident. However, it
just mean that the solution of the inverse problem is very sensitive to the acquisition noise.
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5.3 Concluding remarks
The use of Gaussian modulated sinusoidal waves has been evaluated through a simulation model
to solve the inverse problem in acoustic reflectometry. A trade off is evident in the process to
estimate the bore profile with high accuracy.
The simulation model shows that under ideal condition, the computational cost may be reduced
by adding a DC offset component in the impulse response.
Chapter 5 described the potential of using a simulation model in this dissertation, which was
used to evaluate the parameters involved in the solution of the inverse problem. In this way, it is
possible to predict the ideal conditions to estimate a bore profile of any cylindrical cavity with an
appropriate resolution.
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Chapter 6

Part I: Results

6.1 Introduction

This chapter reports the experimental results using Gaussian-modulated acoustic waves and the
Ware-Aki algorithm. The solution of the inverse problem is applied to a solid cylindrical cavity
characterized by having a square bore profile.
Based on the results obtained by the simulation model, the lowest error is computed when a
relatively small constant frequency step size of 50 Hz is used to sweep the frequency interval
from 50 Hz to 10 kHz. Those parameters are used in the simulation model and the experimental
results to solve the inverse problem.
This chapter provides a comparison of results obtained from the simulation model and the
experimental acoustic reflectometer. The proposed test cylindrical cavity used to solve the
forward problem in the simulation model is represented in the red color. On the other hand, both
results obtained, in the simulation model and in the experimental situation, are represented in
black and blue, respectively.
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6.2 Simulation of a square cylindrical cavity
A cylindrical cavity composed of three cylindrical segments was used to evaluate the solution of
the inverse problem. The first and third cylindrical segments were designed to have 1.1 cm
diameter and the second segment of 1.6 cm diameter. Each segment was 7 cm long. The
segments were consecutively joined each other by a connector and coupled at the end distal of
the reflectometer.
Because the simulation model assumes an infinite cylindrical cavity, a long cylindrical cavity
was coupled at the end distal of the cavity. The entire setup is shown in Figure 30.

Figure 30. A square cylindrical cavity composed by three segments.

The next step consisted in representing this cylindrical cavity in the simulation model to evaluate
the distribution of the quadratic error as function of the frequency step size. So, the entire bore
profile as function of the distance is represented by using a certain number of short cylindrical
segments, as shown in Figure 3.
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A sampling frequency of 100 kHz was used and a speed of sound of 345.28 m/s was assumed in
(2.28), giving an axial length of

l = 0.1726 cm.

(6.1)

Physically, it means that 120 short cylindrical segments were required to represent the proposed
test cavity. Each connector in turn was represented in the simulation model using a short
cylindrical segment of diameter 1.2 cm.

Figure 31. The square cylindrical cavity represented by short cylindrical segments.
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The cross sectional area is represented in Figure 31 as function of the distance. In this particular
case, it is displayed by using dots, which denote a short cylindrical segment used to represent the
entire cavity.
Following the same procedure depicted in Figures 26 and 27, the simulation model was used to
scan the bandwidth using several frequency step sizes. Hence, the quadratic error was quantified
as function of the frequency step size, as shown in Figure 32.

Figure 32. Quadratic error of a square cylindrical cavity as function of frequency step size.

The results obtained by the simulation model show that the predominant frequencies are located
in the interval from 50 Hz to 4 kHz.
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6.3 Experimental results in a square cylindrical cavity
To validate the application of Gaussian-modulated sinusoidal waves in acoustic reflectometry, a
frequency bandwidth from 50 Hz to 10 kHz was swept using a frequency step size of 50 Hz and
acoustical losses were compensated along the source tube by using (4.20).
The bandwidth was divided into ten equally spaced intervals of frequency to compare the
cylindrical cavity for each interval of frequency.
The first two columns, in Figure 33, display the frequency response for each interval of
frequency (amplitude and phase). The third column shows the impulse response in time domain
which is used in the Ware-Aki algorithm to compute the reflection coefficients and display the
bore profile. The fourth columns displays both the bore profile experimentally computed, shown
in blue, versus the proposed test cavity, shown in red.
It is noted that the first two ranges of frequency, 50 Hz to 1 kHz and 1050 Hz to 2 kHz, provide a
significant bore profile. The range of frequency between 2050 Hz and 3 kHz does not provide a
significant contribution to the bore profile, but the range between 3050 Hz and 4 kHz contributes
more significantly.
Above 4 kHz, the bore profile estimated is constant with a few variations as function of distance.
It is also noted that last three frequency ranges (7050 kHz to 10 kHz) provide a constant bore
profile. Hence, the contribution of those frequencies is relatively small.
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Figure 33. Ten equally spaced intervals of frequency for a square cylindrical cavity.
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6.4 Superposition of the impulse response for a square cylindrical cavity
The influence of each interval of frequency may be integrated to evaluate the improvement of the
axial resolution. This procedure of superposition may be computed either in frequency or time
domain.
The first two columns in Figure 34 display the superposition of frequency intervals. In other
words, the bandwidth is increased in intervals of 1 kHz to cover the interval from 50 Hz to 10
kHz. The impulse response obtained for each interval of frequency is also provided in Figure 39.
The last column shows a comparison between the bore profile experimentally computed, given in
blue, and the proposed test cavity, given in red.
It is noted in the plot of Figure 34 that the first two ranges of frequency define a bore profile
close to the proposed test cavity. The third interval of frequency, 2050 Hz to 3 kHz, does not
significantly contribute to the bore profile. However, another significant contribution is obtained
when the fourth interval of frequency, 3050 Hz to 4 kHz, is superposed. Above this frequency
the bore profile is refined such that the square bore profile may be better characterized. For
instance, the impulse response above 7 kHz is used to refine the sharp discontinuities present
along the bore profile.
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Figure 34. Superposition of impulse response of a square cylindrical cavity.
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This analysis may be quantified by calculating the quadratic error between the proposed test
cavity and the cavity experimentally obtained. Thereafter, the error is computed as function of an
increment in the bandwidth, as shown in Figure 35.

Figure 35. Experimental Quadratic error of a square cylindrical cavity.

The error was significantly reduced when the significant frequencies were covered. It occurs
along the relatively low frequencies from 50 Hz to 4 kHz. A very low reduction of the error is
computed in the range of frequency of 4 kHz – 7 kHz. Above 7 kHz the error seems to be
constant. However, graphically it improves the resolution of the sharp discontinuity in the
cylindrical cavity.
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6.5 Comparison between simulation and experimentation for a square cavity
The simulation model was performed under ideal conditions where there is no limit in the
frequency generated and where losses of the acoustic waves do not exist. On the other hand, the
experimental situation is not only limited by the audible bandwidth, but also it requires
compensation of losses along the source tube, improving the signal-to-noise ratio at high
frequencies, and compensating the DC offset component at low frequencies.
A comparison of the impulse response in the frequency domain, between the result obtained in
the simulation and the experimental situation, is displayed in Figure 36.

Figure 36. Comparison of frequency impulse responses for a square cylindrical cavity.

Despite of a difference in the results obtained experimentally, it is possible to say that the
relatively low frequencies are well estimated in amplitude.
Likewise, a comparison of both impulse responses in time domain, as shown in Figure 37, is
characterized by a small difference in amplitude.
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Figure 37. Comparison between amplitude responses for a square cylindrical cavity.

This difference in amplitude is shown in the reconstruction of the bore profile, as shown the
Figure 38, where both bore profiles, simulated and experimental, are compared to the proposed
test cavity.
The results obtained in this simple cylindrical cavity shows that the solution of the inverse
problem has been well defined in this dissertation.
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Figure 38. Comparison among bore profiles for a square cylindrical cavity.

6.6 Concluding remarks
This chapter covers the solution of the inverse problem using Gaussian-modulated sinusoidal
waves and the Ware-Aki algorithm. The results obtained by simulation model and experimental
situation were used to estimate the bore profile of a simple cylindrical cavity with satisfactory
accuracy. It is necessary to evaluate the technique by using a longer cylindrical cavity to evaluate
the effect of losses in the reconstruction.
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Chapter 7

Part II: Results

7.1 Introduction
Several applications are found in acoustic reflectometry. However, one of the most important
consists of evaluating the patency of either a human upper airway or an endotracheal tube in
hospitals.
The last chapter of this dissertation is focused on applying the simulation model to evaluate the
acoustic parameters needed to estimate the bore profile of a vitro model of a human upper
airway. In other words, this chapter qualifies and quantifies the solution of the inverse problem
such that the parameters in acoustic reflectometry are defined to apply the technique in a model
in vitro of a human upper airway.
A sampling frequency of 100 kHz is used to estimate the frequency impulse response of a
cylindrical cavity. A relatively small constant frequency step size of 50 Hz is used to sweep a
frequency interval from 50 Hz to 10 kHz.
The bore profile of the proposed test cavity, representing a human upper airway, is displayed in
red. The results obtained by simulation model were displayed in black, and the experimental
results are displayed in blue.
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7.2 Bore profile of a human upper airway
The measurement of a human upper airway is a practical implementation of acoustic
reflectometry. The estimation of its bore profile makes possible to identify some pathologies. For
example, it is used to evaluate some diseases like sleep apnea, the anesthetic management of
patients and nasal/airway surgery. Figure 39 describes the physiology of a human upper airway
[33]. Acoustic reflectometry has been used to evaluate the bore profile from the vocal tract until
the end of the trachea which is named carina.

Figure 39. The human respiratory system (from [33])

Anthony et al. [34] used acoustic reflections to estimate glottic areas. The results were validated
by computerized tomography. Figure 40 shows the results obtained from such research. An
acoustic pulse was used to estimate the bore profile in 11 subjects with a history of glottic
pathology, mean age 56 and range 29 to 72 years old.
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Figure 40. Bore profile of a human upper airway (from [34])

The area obtained seems to have a regular shape for all patients, except for the region of the
trachea. On the other hand, it is noted that the central airway is described by an increment in the
magnitude of area. It is due to the branching way after the point named Carina, which is
connected to the lungs.

7.3 Proposed test cavity of a human upper airway
The solution of the inverse problem was evaluated through the simulation model using a
cylindrical cavity with a bore profile of an upper airway. Hence, the dimensions of the bore
profile were carefully measured from Figure 40 to replicate the measurements of a proposed test
cylindrical cavity for a human upper airway.
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Figure 41 shows the proposed test cavity composed by 342 cylindrical segments with an axial
length given by (6.1). This bore profile was used in the simulation model to analyze the
frequency content in the solution of the inverse problem.

Figure 41. Proposed test cylindrical cavity of a human upper airway.

7.4 Predominant frequencies of a human upper airway
The simulation model was used to identify the predominant frequencies of a human upper
airway. Because the cavity to study is composed by a long number of cylindrical segments, the
maximum frequency step size that may be used is 300 Hz. The bandwidth was increased at a rate
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of 1 kHz to cover the interval from 50 Hz to 10 kHz. The quadratic error was computed by using
a constant increment of the frequency step size of 10 Hz for each interval, as shown in Figure 42.

Figure 42. Quadratic error as function of frequency step size for an upper airway.

The results show that the lowest quadratic error was computed at a frequency step size of 50 Hz,
and the error increased for some intervals of frequency below this frequency step size. The
predominant frequencies are located within the frequency interval from 50 Hz to 50 kHz.
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7.5 Estimated test cavity of a human upper airway by simulation
A decomposition of the bandwidth in frequency subintervals of 1 kHz is used to display the bore
profile. The results obtained by simulation in the solution of the inverse problem are displayed
in black in Figure 43 and the proposed test cavity in red.
The simulated bore profile was coupled to the dimensions of the source tube. In other words, the
ends of the cylindrical cavity for study were joined to a uniform cross sectional area where the
acoustic waves are supposed to propagate. In this way, the simulation model is used to analyze
the result of coupling the cavity at its ends. Figure 43 displays the results of the impulse response
and the bore profile in the same way as it was initially described in Figure 18.
The decomposition of the spectrum shows that the first three frequency intervals, which cover
the range of 50 Hz to 3 kHz, provide a long variation of the bore profile. It means that such
frequencies contribute with a main shape of the cavity.
The frequency intervals from 3 kHz to 5 kHz are denoted by a very small variation in the bore
profile, and the rest of frequencies are characterized by having a constant bore profile. In fact,
the last three frequency intervals, which cover the frequency interval from 8 kHz to 10 kHz, do
not significantly contribute with the bore profile.
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Figure 43. Decomposition of the impulse response of a proposed upper airway
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7.6 Superposition of impulse response in the simulation of an upper airway
Figure 44 shows the superposition of the impulse response with an increment of 1 kHz along the
bandwidth. The first two columns show the frequency impulse response, the third column
displays the integrated impulse response and the fourth column displays the cavity estimated
(black) and the proposed test cavity (red).
Despite of a little difference between both bore profiles along the segments which represent the
regions of pharynx and glottis. The qualitative analysis shows that the general bore profile is well
approximated by the frequency components from 50 Hz to 7 kHz. Above 7 kHz, the results show
that there is not a significant improvement.
Figure 45 displays the error computed as function of an increment in the bandwidth. It quantifies
what it was described in Figures 43 and 44. The error is mainly reduced when the bandwidth of 7
kHz is covered. It denotes that significant frequencies are located within this frequency range.
The simulation model suggests that it is possible to use Gaussian modulated acoustic waves to
estimate the bore profile of a human upper airway using the Ware-Aki algorithm. The analysis
shows that the bore profile in the proposed test cavity is not a complex cylindrical cavity. In
other words, it is not necessary to cover a large bandwidth to estimate an appropriate axial
resolution.
The advantage of covering a frequency from 50 to 7 kHz lies in the fact that the artifacts of
relatively high frequencies may be avoided when the right conditions in the relatively low
frequencies are well performed.
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Figure 44. Superposition of the impulse responses proposed test cavity for an upper airway.
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Figure 45. Quadratic error of a proposed test cavity for an upper airway.

The results show that it is possible to estimate the bore profile of a human upper airway, but it is
necessary to evaluate the experimental results using solid cylindrical cavity with this profile.

7.7 Experimental results in a vitro model of a human upper airway
A solid cylindrical cavity with the same bore profile used in the above simulation was designed
and built using stereolithography technique in the W.M. KECK CENTER at the University of
Texas at El Paso to evaluate the solution of the inverse problem. Figure 46 (a) shows a 3D image
of such bore profile and Figure 46 (b) shows the real cavity made of polymer.
101

(a)

(b)
Figure 46. A vitro model of the human upper airway.

Figure 47 shows the solid cylindrical cavity coupled to the source tube to estimate its bore profile
by using acoustic reflectometry technique. The measurements were performed using the same
parameters by the simulation model.
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Figure 47. The acoustic reflectometer coupled to the vitro model of the human upper airway.

Figure 48 shows the decomposition of the frequency impulse response and the bore profile
experimentally computed (blue) for each frequency subinterval which in turn is compared to the
proposed test cavity (red).
The bore profile computed shows an important variation in the first four frequency intervals,
which cover an interval from 50 Hz to 4 kHz. The rest of the bore profiles computed is
represented by a constant bore profile. In fact, the experimental results suggest that the last three
intervals from 7 kHz to 10 kHz do not contribute to improve the bore profile.
A comparison between the results obtained by simulation, (Figure 43), and experimentation,
(Figure 48), shows good agreement for each frequency interval analyzed.
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Figure 48. Decomposition of the impulse response of a vitro cavity for a human upper airway.
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7.8 Superposition of impulse response in a vitro model the of upper airway
Figure 49 shows the superposition of the frequency impulse response and a comparison between
the bore profile computed (blue) and the proposed test cavity (red).
The qualitative analysis shows that a good axial resolution is computed for a frequency interval
from 50 Hz to 5 kHz. Above this frequency range, there is a small difference mainly along the
region corresponding to the pharynx.
A quantitative analysis in the quadratic error is displayed in Figure 50 and it shows that the
significant frequencies in the experiment cover an interval from 50 Hz to 5 kHz. This frequency
interval is closed to the interval found in the simulation. It is also noted that the quadratic error is
almost constant above 5 kHz.
This quantitative result suggests that general shape of the bore profile is estimated with an
appropriate axial resolution, when the significant frequencies are covered, but the relatively high
frequencies are not contributing to refine the result.
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Figure 49. Superposition of the impulse response for a model vitro.
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Figure 50. Quadratic error computed of a model in vitro using a frequency step size of 50 Hz.

7.9 Comparison between simulation and experimentation of a vitro model
A comparison of impulse response obtained by simulation and experimental acoustic
reflectometer is shown in Figure 51.
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Figure 51. Comparison of impulse responses of a vitro model for an upper airway

Figure 52 displays a qualitative result using Gaussian-modulated acoustic waves and the WareAki algorithm. The bore profiles obtained by simulation (black) and experimental acoustic
reflectometer (blue) are compared to the proposed test cavity (red).
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Figure 52. Comparison among bore profiles for an upper airway.

7.10 Discussion
The mathematical procedures for solving both forward and backward problems were
implemented in a simulation model assuming ideal conditions. The results were validated using a
simple cylindrical cavity, and they were determined with an appropriate resolution along its bore
profile.
The solution of the inverse problem in this dissertation did not require of acoustic pulses to
estimate the impulse response at low frequencies, and the frequency analysis made possible to
decomposed the bandwidth to find the predominant frequencies which provide the general shape
of a cylindrical cavity.
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One of the scenarios found to estimate the bore profile by using the simulation model shows that
under ideal conditions, the axial resolution may be improved at a low computational cost using a
large frequency step size, and adding a very small DC offset component along its impulse
response. However, the solution of the inverse problem is very sensitive to acquisition noise and
such situation is not possible to be experimentally performed.
The experimental results depend on both the right calibration of the acoustic reflectometer to
compensate the losses along the source tube, and the improvement of the signal-to-noise ratio at
high frequencies.
Despite of the compensation between the middle and the end distal of source tube may be used to
compensate the forward and backward acoustic waves, a better result was obtained when the
compensation between the loudspeaker and the end distal of the source tube.
Although Ware-Aki algorithm does not consider the losses within a cylindrical cavity, the
solution of the inverse problem can estimate the axial resolution for a short cylindrical cavity
with good accuracy.
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Chapter 8

Conclusions and Future Enhancements

8.1 Conclusions
In regard to the solution of the inverse problem, the conclusions are specified below according to
the aims defined at the beginning of this dissertation.
1) Gaussian modulated sinusoidal waves and the Ware-Aki algorithm can be used to
estimate a cylindrical cavity with an appropriate axial resolution. In this work, the inverse
problem was tested through the performance of a simulation model and experimentally
validated using an acoustic reflectometer.

2) The solution of the inverse problem was used to evaluate the acoustic parameters of
several cylindrical cavities. A high sampling frequency of 100 kHz was used to represent
their bore profile with an appropriate resolution as function of distance. The analysis
made possible to sweep and decompose the audible frequency to evaluate the frequency
content in the bore profile for each interval swept.

3) An inexpensive acoustic reflectometer characterized by a long source tube reduced the
computational cost to identify the acoustic waves. Furthermore, the length of the source
tube was also used to identify the frequency impulse response by generating a short-time
acoustic wave. In this way, the mathematical procedure to obtain the impulse response
made possible to calculate and compensate the DC offset component at very low
frequencies without the requirement of using an actual DC tube.
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4) A tradeoff between the axial resolution and the number of frequencies used was evident
in the solution of the inverse problem. However, it was possible to propose the use of
either logarithmic or linear frequency step sizes when the solution of the inverse problem
does not require of sweeping a large bandwidth. On the other hand, a constant frequency
step size of 50 Hz provided a good resolution in the frequency impulse response to
reduce the computational cost. Hence, 200 acoustic waves were required to sweep the
frequency bandwidth, by using only one loudspeaker and one microphone.

5) The use of matched filter not only filtered undesired components of frequency, but also
improved the signal-to-noise ratio at high frequencies. The procedure was relatively
simple. Thereby, it was not necessary to filter the impulse response using neither
complex digital filters nor with robust cutoff frequencies.

6) The calibration of the system was required to compensate the attenuation of acoustic
waves along the source tube. The procedure was required for both amplitude and phase
responses.

8.2

Future enhancements

The simulation model and the acoustic reflectometer serve as research tools to evaluate the
solution of the inverse problem using several types of acoustic waves, and covering certain
ranges of frequency.
The future work includes not only improving the quality of the instrumentation used, but also
designing and building an automated system such that the acoustic waves may be collected in a
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short time. It would make possible the application of the technique to estimate the results in real
time, and perform a calibration every time that the technique is used.
Because there exists a tradeoff in the axial resolution and in the number of frequencies used
along a bandwidth, the system would be designed to use a diversity of several frequency step
sizes and covering specific ranges of frequency. The acoustic reflectometer would be clinically
validated using normal patients and defining a protocol to perform the test in safety conditions.
It also would be necessary to establish a relationship with some medical center to determine the
type of pathologies that the physicians are interested in evaluating along the upper airway. It
would be possible to use this technique on patients and validate the results through endoscopies
or computerized tomography.
The simulation model may be used to evaluate the effect of using a linear couple at the distal end
of the source tube. In this way, high discontinuities are avoided and less content of frequency
would be required.
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